ARL  66-0215 
OCTOBER  1966 

00 


CO 


»ros|»cic^ 


(•arcH  Lcil»or€at«ries 


jA^NOTE  ON  RECtlRRENCE  RELATIONS  BETWEEN  EXPECTED 
VALUES  OF  FUNCTIONS  OF  ORDER  STATISTICS 


{Reprint  from  The  Annals  of  Mathematic^  Statistics,  Vol.  37, 
No»  3,- June  1966) 


P.  R.  KRISHNAIAH 

APPLIED  MATHEMATICS  RESEARCH  LABORATORY 

M.  HASEEB  RIZVI 

THE  OHIO  STATE  UNIVERSITY 
COLUMBUS,  OHIO 


D  D 


Distribution  of  this  document  is  unlimited 


N017CICS 


Wlu-n  CoverjiMK-nl  .l.awinjrs,  spooifications,  or  ollu-r  Juta  aio  used  tor  anv  i)iiror«..  ..Hw...  .1  . 
connoction  with  a  dotinidly  rolatt-.l  GWnnu-.it  proourei.u-r.t  operation,  the  United  States  Coveiiu,"  nt 
theteby  incurs  no  respons.h.l.ty  nor  any  obligation  xvl.atsocver;  and  the  fact  tliat  the  Goverainent  n.-.v 
have  tormulated,  tuiiushed.  or  in  any  way  supplied  the  said  ilrawings,  speeificalions  or  oth.  i  d  .i »  ■■ 
no  to  be  regarded  hy  implication  or  otherwise  ns  in  any  manner  licensing  the  holder  or  any  otlicr 
lierson  or  corporation,  or  conveying  any  rights  or  piaimssion  to  maniifactur...  use.  or  sell  any  w.tente, 
invention  that  may  in  any  way  be  n  iated  ibeieto  ^  IWtented 


IP 

m 


■>—  0...cr,  (DDQ,  - 

(Reproduction  in  whole  or  in  part  is  permitted  for  any  purpose  of  the  U.S.  Gov'O 


W: 

_ e 


4 


Distribution  of  this  document  is  unlimited 


a  sp(>cific<l  . . nr  ^  ^  considi  rations.  eontractnal  obligations  or  notice's 


Ufprihtcd  Cfom  This  Ann\i^  or  MATiir.MATirAt  STAti«Tici» 
Vol.  37.  No.  3.  JtinJ.  IIHi6 
Vf\nit4  in  (‘.fi  .1 


A  NOTE  ON  RECURRENCE  RELATIONS  BETWEEN  EXPECTED 
VALUES  OF  FUNCTIONS  OF  ORDER  STATISTICS 

Bv  I*.  U.  Kki.siinaiak  and  M.  Hasbku  Uizvi' 

Aci'tisj  •  Itfsearch  iMbomlories,  Wrii/ht-Piitlcrsoii  AFli 

1.  Summary. 'In  (lii.s  tiotc,  some  leeuireD.ie  relnlions  are  derived  between 
the  expected  values  of  fiuietions  of  order  statistics  from  any  arbitrarj’  distribu¬ 
tion  with  continuous  euinuLntive  distribution  function  (cdf).  T'liese  recurouiee 
relations  are  closely  related  to  some  results  obtained  by  Srikantan  [2]. 

2.  Some  recurrence  relations.  Supiwse  .Y  has  an  arbitrary  distribution  with 
a  eontiimous  cdf  F{x)  and  /»( • )  is  a  specified  function  such  that  Eh(X)  exists. 
Let  Xk.H  denote  the  Arth  (1  ^  k  ^  n)  order  statistic  in  a  raiuiom  sample  of 
size  n  from  the  distribution  with  cdf  F{x).  Then  wc  Imve  the  following  theorem: 

Thkokk.m.  For  I  i  A;  ^  w  £  n, 

(2.1)  E\k(x,.„)\ « (r)i::-o{-i)*(A/(A--  i))[(;)/(vr‘))/!:!/»(A:*-..«-.H)i, 

0  g  f  S  A  -  1, 

and  also 

E{h{X^.„)\ 

(2.2)  =  (r)Zj-Q(-l)'(AV(A-  -I-  s))l(i)/(T.(,'*)|/';|A(A'*f.,„.„.)l. 

0  g  j  g  w  "  k. 

Pkook.  liCt  (?(«)  =  1  —  F(,u)  for  all  u  and  let  /  denote  tlu!  integral  over  the 
entire  re.ai  line.  J'hen  for  1  g  A'  g  «»  g  >i  and  0  g  (  g  A:  —  1, 

/?(A(A\.J!  =  k{T)  //!(«)( I  -  0{n):  |1  -  dFi-u) 

(2.3)  =  A(r)EU(-l)'(l)  J  A(«)/''*-‘-'(«)ll  -  /'’(M)r-*'*df’(M) 

=  (r)i::->(-i)'(A-/(A  -  o)i(;)/(T-r)i/!:[A(.Y.  ,)i. 

Also,  for  1  g  A-  g  g  «  and  0  g  J  g  W(  —  k, 

A’[A(A'*.„,)|  =  A-(r) /*(«)/-•*■'(«) !1  -  /-’(tdrn  -  F^r^'^'drin) 

(2.4)  =  A(*)i:i-o( -  l)'(i)  /  A(m)/'’*'’  '(W) 1 1  -  /-’(«) dF(u) 

=  (r)i:i.,.(-l)’(A:/(A-  +  «))((i)/(Vr))A’[MYi+.,„-,,,.)|. 

It  should  be  p<iinto(l  out  that  formuh'f'  (.'>)  arid  (ti)  of  Srikiuitan  (2]  arc  equiv¬ 
alent  respectively  to  (2.1)  with  »  =  I  and  (2.2)  with  7  =  m  —  k.  The  recur¬ 
rence  relations  lictween  the  moments,  trot  ween  the  moment  generating  functions 
and  between  the  characteristic  functions  of  the  order  .stilt istics  can  be  obtainwl 

llceeived  22  Jiiim  IfMH;  revised  15  8eptemi>cr  10t)5. 
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from  u  'l';  mid  (2.2)  by  sutting /i(«)  =  (/•  =  I,  2,  ••  ),  h(u)  =  oxp  Ui/),  (/ 

rciil)  i\nd  /i(m)  =  oxp  |  (  —  (/,  reid)  re.spcctivciy.  Siiniliuly  by  lotting  /((m) 

=  1  if  H  <■  (  —  00,  j:)  and  h(u)  ~  0  othei\vi.‘;o,  (2.1)  and  (2.2)  yield  rooiirrenoe 
rclationij  between  edf’.s  of  ortl«?r  .stati.stie.s.  'riM'.';e  in  turn  lead  to  ro.sul(.s  con- 
neotiiig  pdf’.s  (providoil  densities  exist).  Sriknntan  12J  makes  some  similar  re¬ 
marks  for  his  results.  He  also  (liscusse.s  the  iii(.orrelation  betwwai  the  re.sults  like 
(2.1 )  and  (2.2)  and  tlio.se  available  in  the  literature.  For  the  problem  of  g.'iiuma 
order  .statistie.s,  (2.2)  wa.s  proveel  in  [1|  when  h(v)  -=  u. 
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